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L2 vanishing theorem on some Ka¨hler manifolds
Teng Huang
Abstract
Let E be a Hermitian vector bundle over a complete Ka¨hler manifold (X,ω), dimCX = n,
with a d(bounded) Ka¨hler form ω, dA be a Hermitian connection on E. The goal of this article
is to study the L2-Hodge theory on the vector bundle E. We extend the results of Gromov’s [18]
to the Hermitian vector bundle. At last, as an application, we prove a gap result for Yang-Mills
connection on the bundle E over X.
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1 Introduction
Let (X,ω) be a complete Ka¨hler manifold, dimCX = n. A basic question, pertaining both to the
function theory and topology ofX , is: when are there non-trivial harmonic forms onX , in the various
bidegree (p, q) determined by the complex structure? When X is not compact, a growth condition on
the harmonic forms at infinity must be imposed, in order that the answer to this question be useful.
A natural growth condition is square-integrability, if Ωp,q(2)(X) denotes the L
2-forms of type (p, q) on
X and Hp,q(2)(X) the harmonic forms in Ωp,q(2)(X). One version of this basic question is: what is the
structure ofHp,q(2)(X)?
The Hodge theorem for compact manifolds states that every de Rahm cohomology class of a
compact manifoldX is represented by a unique harmonic form. That is, the space of solutions to the
differential equation (d + d∗)α = 0 on L2-forms over X is a space that depends on the metric on
X . This space is canonically isomorphic to the purely topological de Rahm cohomology space of X .
The study ofHp,q(2)(X),a question of so-called L2-cohomology ofX , is rooted in the attempt to extend
Hodge theory to non-compact manifolds. No such result holds in general for complete non-compact
manifolds, but there are numerous partial results about the L2-cohomology of non-compact manifold.
The study of the L2-harmonic forms on a complete Riemannian manifold is a very fascinating and
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important subject. It also has numerous applications in the field of Mathematical Physics (see for
example [19, 11, 12, 13, 34]).
A differential form α on a Riemannian manifold (X, g) is bounded with respect to the Riemannian
metric g if the L∞-norm of α is finite,
‖α‖L∞(X) := sup
x∈X
‖α(x)‖g <∞.
We say that α is d(bounded) if α is the exterior differential of a bounded form β, i.e., α = dβ and
‖β‖L∞(X) <∞.
In [18], Gromov’s theorem [18] states that if the Ka¨hler form ω on a complete Ka¨hler manifold
satisfies ω = dθ, where θ is a bounded 1-form, then the only non-trivial L2-harmonic form lies in
the middle dimension. Jost-Zuo [23] and Cao-Xavier [3] extended Gromov’s theorem to the case of
sublinear growing 1-form θ. Other results on L2 cohomology can be found in [1, 6, 28, 29].
In this article, we consider the Hodge theory on a Hermitian vector bundle E over a complete,
Ka¨hler manifold X , dimCX = n, with a Ka¨hler form ω. Define a smooth Ka¨hler metric, g(·, ·) =
ω(·, J ·) on X , where J is the complex structure on X . Let dA be a Hermitian connection on E. The
formal adjoint operator of dA acting on Ω
k(X,E) := Ωk(X) ⊗ E is d∗A = − ∗ dA∗, where Ωk(X)
is smooth k-forms on X and ∗ is the Hodge star operator with respect to the metric g. We denote by
Hk(2)(X,E) the space of L2 harmonic forms in Ωk(X) with respect to the Laplace-Beltrami operator
∆A := dAd
∗
A + d
∗
AdA, See Definition 3.1.
If ω is d(bounded), we can extend the vanishing theorem of Gromov’s to Hermtian vector bundle.
Theorem 1.1. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, E be a Hermitian vector bundle over X and dA be a Hermitian connection on E. Then a
smooth form α ∈ Ωp,q(X,E) ∩Hp+q(2) (X,E) is zero unless p+ q = n.
Remark 1.2. We set the bundle E to TX ⊗ C, then dA = d and ∂¯A = ∂¯. We denote by
Hk(2)(X) := {α ∈ Ωk(2)(X) : ∆α = (dd∗ + d∗)α = 0}
the space of L2-harmonic p-forms and
Hp,q(2)(X) := {α ∈ Ωp,q(2)(X) : ∆∂¯α = (∂¯∂¯∗ + ∂¯∗∂¯)α = 0}
the space of L2-harmonic (p, q)-forms. By the Ka¨hler identities and∆ = 2∆∂¯ , we have
Ωp,q(X,E) ∩ Hp+q(2) (X,E) ∼= Hp,q(2)(X).
In this case, we also have
Hk(2)(X,E) =
⊕
p+q=k
Hp,q(2)(X,E). (1.1)
Therefore, Hk(2)(X,E) = {0}. But unfortunately, for other cases, the Equation (1.1) is alway incor-
rect, since ∆A = 2∆∂¯A is alway incorrect.
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We denote byA1,1E the space of all integrable connections dA, i.e., F 2,0A = F 0,2A = 0. The important
observation is that if the Hermitian connection dA ∈ A1,1E , then the operator Lk could commutes
with ∆A for any k ∈ N+. Following the idea in [18], we can prove a vanishing theorem on the
spaces Hk(2)(X,E). In [18], Gromov also gave a lower bound on the spectra of the Laplace operator
∆ := dd∗ + d∗d on L2-forms Ωp(X) for p 6= n to sharpen the Lefschetz vanishing theorem. We also
obtain a lower bound on the spectra of the Laplace operator ∆A on L
2-forms Ωp(X)⊗ E for p 6= n
to sharpen the vanishing theorem 1.3. Next, we will consider the (0, 2)-part of the curvature, F 0,2A ,
and suppose it to be non-zero. In this case ∆A does not commute with L. We also suppose that the
(0, 2)-part of the curvature obeys ‖F 0,2A ‖Ln(X) ≤ ε, where ε is a small enough positive constant and
the Riemannian curvature tensor is bounded. We can prove that
Theorem 1.3. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, i.e., there is a bounded 1-form θ such that ω = dθ, dA be a smooth Hermitian connection on
a Hermitian vector bundle E over X . Suppose that the connection dA and the Ka¨hler metric g obey
one of following sets of conditions:
(1) dA ∈ A1,1E ,
(2) dA /∈ A1,1E but the curvature FA of the connection dA obeys
(a) ‖F 0,2A ‖Ln(X) ≤ ε or
(b) ‖F 0,2A ‖L∞(X) ≤ ε,
where ε = ε(X, n, θ) ∈ (0, 1] is positive constant, the Riemannian curvature tensor of g is bounded.
If α ∈ Ωk(2)(X,E) such that∆Aα ∈ L2, (k 6= n), then we have the inequality
cn,k‖θ‖−2L∞(X)‖α‖2L2(X) ≤ 〈α,∆Aα〉L2(X), (1.2)
where cn,k > 0 is a constant which depends only on n, k. In particular, we have
Hk(2)(X,E) = 0, ∀ k 6= n.
If there exists a differential form θ and a number c > 0 such that the Ka¨hler form
ω = dθ, ‖θ(x)‖L∞(X) ≤ c(1 + ρ(x0, x)),
where ρ(x0, x) stands for the Riemannian distance between x and a base point x0, then we call the
Ka¨hler form ω d(sublinear) [3, 23].
Since ∆A commutes with L for any dA ∈ A1,1E , following the idea in [3], we can prove that
Lα = α ∧ ω = 0
for any L2-harmonic form α. We then have
Theorem 1.4. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(sublinear) Ka¨hler
form ω, dA be a smooth Hermitian connection on E. If dA ∈ A1,1E , then the spaces of L2-harmonic
formsHk(2)(X,E) for k 6= n vanish.
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Let (X,ω) be a complete Ka¨hler manifold, dimCX = n, E be a holomorphic Hermitian vector
bundle on X . We denote by DE = ∂E + ∂¯E its Chern connection, i.e., ∂¯E = ∂¯, by D
∗
E the formal
adjoint ofDE and by ∂
∗
E , ∂¯
∗
E the components ofD
∗
E of type (−1, 0) and (0,−1). LetΘ(E) = ∂E ∂¯E+
∂¯E∂E be the curvature operator onE. It is clear that ∂¯
2 = 0. Therefore, for any integer p = 0, 1, . . . , n,
we get a complex
Ωp,0(X,E)
∂¯−→ . . . ∂¯−→ Ωp,q(X,E) ∂¯−→ Ωp,q+1(X,E)→ . . . ,
known as the Dolbeault complex of (p, •)-forms with values in E. We can define two other operators:
∆∂¯E := ∂¯E ∂¯
∗
E + ∂¯
∗
E ∂¯E and ∆∂E := ∂E∂
∗
E + ∂
∗
E∂E . Let us introduce, See [5, Charp V]
Hp,q(2)(X,E) := {α ∈ Ωp,q(2)(X,E) : ∆∂¯Eα = 0}.
There are many vanishing theorems for Hermitian vector bundles over a compact complex manifolds.
All these theorems are based on a priori inequality for (p, q)-forms with values in a vector bundle,
known as the Bochner-Kodaira-Nakano inequality. This inequality naturally leads to several positivity
notions for the curvature of a vector bundle ([17, 24, 25, 26, 30, 31]). We will prove another vanishing
theorem for Hermitian vector bundles over the complete Ka¨hler manifolds with a d(bounded) Ka¨hler
form ω, only under the curvature Θ(E) has a small enough Ln- or L∞-norm.
Theorem 1.5. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, i.e., there is a bounded 1-form θ such that ω = dθ, DE be the Chern connection on a
holomorphic Hermitian vector bundle E over X . Suppose that the Riemannian curvature tensor of
the Ka¨hler metric g on X is bounded. Then there is a constant ε = ε(X, n, θ) ∈ (0, 1] with following
significance. If the curvature Θ(E) obeys
(1) ‖Θ(E)‖Ln(X) ≤ ε or
(2) ‖Θ(E)‖L∞(X) ≤ ε
then any α ∈ Ωp,q(2)(X,E) such that∆∂¯Eα ∈ L2, which satisfies the inequality
cn,k‖θ‖−2L∞(X)‖α‖2L2(X) ≤ 〈∆∂¯Eα, α〉L2(X). (1.3)
where cn,k > 0 is a constant which depends only on n, k. In particular, we have
Hp,q(2)(X,E) = 0, ∀ p+ q 6= n.
If the background manifold X is a complete Ka¨hler surface, we don’t know any thing about the
space ofH2(2)(X,E). In [19], Hitchin proved that any L2-harmonic forms of degree 2 on a hyperbolic
Ka¨hler surface with a d(sublinear) growth Ka¨hler form ω, is anti-self-dual. We will also show that if
α ∈ H2(2)(X,E), then α is anti-self-dual under some certain conditions on X, dA.
Theorem 1.6. Let (X,ω) be a complete Ka¨hler surface with a d(bounded) Ka¨hler form ω, i.e., there
is a bounded 1-form θ such that ω = dθ, dA be a Hermitian connection on a Hermitian vector bundle
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E overX . Suppose that the scalar curvature of the Ka¨hler metric g onX is non-negative. Then there
is constant ε = ε(X, n, θ) ∈ (0, 1] with following significance. If the curvature FA of the connection
dA obeys
‖F+A ‖L2(X) ≤ ε
then any L2-harmonic form with respect to ∆A is anti-self-dual.
In differential geometry and gauge theory, the study of Yang-Mills connection dA is very im-
portant. In fact, the curvature FA of the Yang-Mills connection is a harmonic 2-form on the bundle
gE ⊂ EndE with respect to the operator∆A⊗A∗ , where dA⊗A∗ is the connection onEndE induced by
the connection dA on E. There are very few gap results for Yang-Mills connection over non-compact,
complete manifolds, for example [7, 10, 16, 27, 35, 41]. Those results depend on some positive con-
ditions of Riemannian curvature tensors. Following the second item of Theorem 1.3 and Theorem
1.6, we have a gap result for Yang-Mills connection on a complete Ka¨hler manifold with a Ka¨hler
d(bounded) form ω.
Corollary 1.7. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, i.e., there exists a bounded 1-form θ such that ω = dθ, E be a Hermitian vector bundle over
X . If the curvature FA of the smooth Yang-Mills connection dA is in L
2, then there is a constant
ε = ε(X, n, θ) ∈ (0, 1] with following significance.
(1) Suppose that n ≥ 3 and the Riemannian curvature of the Ka¨hler metric g is bounded, then either
‖FA‖Ln(X) ≥ ε
or the connection dA is flat.
(2) Suppose that n = 2 and the scalar curvature of the Ka¨hler metric g is non-negative , then either
‖F+A ‖L2(X) ≥ ε
or the connection dA is anti-self-dual.
Remark 1.8. There are many complete Ka¨hler surfaces with a d(bounded) Ka¨hler from ω. If we also
suppose that there exists a non-trivial L2-harmonic form α on (X,ω) is anti-self-dual, then the form
α can be identified with the curvature of an U(1) instanton dΓ by writing FΓ =
√−1α. We regard this
as a reducible SU(2) instanton dA = dΓ ⊕ d−Γ on the the splitted bundle E = L ⊕ L−1 over (X,ω)
with finite Yang-Mills energy
YM(A) = ‖FA‖2L2(X) = 2‖FΓ‖2L2(X) = 2‖α‖2L2(X).
Furthermore, if L is a trivial bundle L ∼= X × C, the cα is also a non-trivial anti-self-dual form on
(X,ω) for any c ∈ R\{0}. Hence we can also construct a reducible SU(2) instanton dAc = dΓc⊕d−Γc
on the splitted bundleE = L⊕L−1 over (X,ω)with Yang-Mills energy 2c2‖α‖2L2(X). This unexpected
continuous energy phenomenon occurs, for example, in the important case of Ka¨hler surface with a
d(bounded) Ka¨hler from ω.
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2 Preliminaries
2.1 Hermitian exterior algebra
Let X be a smooth Ka¨hler manifold with Ka¨hler form ω and E be a smooth vector bundle over X .
We denote by Ωk(X,E) the space of C∞ sections of the tensor product vector bundle Ωk(X) ⊗ E
obtained from Ωk(X) and E, i.e., Ωk(X,E) := Γ(Ωk(X)⊗ E). We denote by Ωp,q(X,E) the space
of C∞ sections of the bundle Ωp,q(X)⊗ E. We have therefore a direct sum decomposition
Ωk(X,E) =
⊕
p+q=k
Ωp,q(X,E).
For any connection dA on E, we have the covariant exterior derivatives
dA : Ω
k(X)⊗ E → Ωk+1(X)⊗E.
Like the canonical splitting the exterior derivatives d = ∂ + ∂¯, dA decomposes overX into
dA = ∂A + ∂¯A.
We will need some of the basic apparatus of Hermitian exterior algebra. Denote by L the operator of
exterior multiplication by the Ka¨hler form ω:
Lα = ω ∧ α, α ∈ Ωp,q(X,E),
and, as usual, let Λ denote its pointwise adjoint, i.e.,
〈Λα, β〉 = 〈α, Lβ〉.
Then it is well known that Λ = ∗−1 ◦ L ◦ ∗ [21]. We denote by P k the space of primitive k-forms on
E, that is
P k = {α ∈ Ωk(X,E) : Λα = 0}.
A basic fact is
Lemma 2.1. Let k = p+ q,
(i) if k > n, then P k = 0.
(ii) if k ≤ n, then
P k = {α ∈ Ωk(X,E) : Ln−k+1α = 0}.
Furthermore, if α ∈ P p,q := P k ∩ Ωp,q(X,E), then
∗Ln−kα/(n− k)! = (√−1)p2−q2(−1)pqα.
(iii) The map Ln−k : P k → Ω2n−k(X,E) is injective for k ≤ n.
(iv) The map Ln−k : Ωk(X,E)→ Ω2n−k(X,E) is bijective for k ≤ n.
The proof is then purely algebraic and can be found in standard texts on geometry. An elegant
approach is through representations of sl2, see [40, Chap.5, Theorem 3.12] or [5, 21].
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2.2 Ka¨hler hyperbolic manifold
In [18], Gromov introduced a new notion of hyperbolicity. More specifically, following Gromov, we
say that a differential form α on a Riemannian manifold is d(bounded) if there exists a bounded form
β such that α = dβ. We say that α is d˜(bounded) if its lift to the universal covering is d˜(bounded).
A closed complex manifold is then called Ka¨hler hyperbolic if the universal covering space admits a
Ka¨hler metric whose Ka¨hler form is d˜(bounded). The most important examples are compact complex
manifolds which admit a Ka¨hler metric of negative sectional curvature. Gromov used this notion
to show that on the universal covering space of a Ka¨hler hyperbolic manifold, there are no (non-
trivial) L2-harmonic forms outside the middle degree. In [4], the author showed that the space of L2
harmonic forms in the middle degree is infinite dimensional. A key argument in Gromov’s [18] proof
is the following theorem.
Theorem 2.2. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, i.e., there is a bounded 1-form θ such that ω = dθ. Then every L2-form α on X of degree
p 6= n satisfies the inequality
cn‖θ‖−2L∞(X)‖α‖2L2(X) ≤ 〈α,∆α〉L2(X),
where cn > 0 is a constant which depends only on n. In particular,
Hp(2)(X) = {0}, ∀p 6= n.
We recall a special Stokes’s Theorem for complete Riemannian Manifolds [15, 18].
Theorem 2.3. Let η be an L1-form onX of degree n− 1, i.e.,
‖η‖L1(X) =
∫
X
|η|dvol <∞,
such that the differential dη is also L1. If X is complete, then∫
X
dη = 0.
We recall some definitions on Hermitian vector bundle [5, Charp V, Section 7]. Let E be a Her-
mitian vector bundle of rank r over a smooth Riemannian manifold X , dimRX = n. We denote
respectively by (ξ1, . . . , ξn) and (e1, . . . , er) orthonormal frames on TX and E over an open subset
U ⊂ X . The associated inner product of E given by a positive definite Hermitian metric hλµ with
smooth coefficients on U , such that
〈eλ(x), eµ(x)〉 = hλµ(x), ∀x ∈ Ω.
When E is Hermitian, one can define a natural sesquilinear map
Ωp(X,E)× Ωq(X,E)→ Ωp+q(X,C)
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(α, β) 7→ tr(s ∧ t)
combining the wedge product of forms with the Hermitian metric on E. If α =
∑
σλ ⊗ eλ, β =∑
τµ ⊗ eµ, we let
tr(α ∧ β) :=
∑
1≤λ,µ≤r
σλ ∧ τ¯µ〈eλ, eµ〉.
A connection dA said to be compatible with the Hermitian structure of E, or briefly Hermitian, if for
every α ∈ Ωp(X,E), β ∈ Ωq(X,E) we have
dtr(α ∧ β) = tr(dAα ∧ β) + (−1)ptr(α ∧ dAβ). (2.1)
The inner product 〈·, ·〉 on Ω∗(X,E) defined as, See [5, Charp VI, Section 3.1]
〈α, β〉 = ∗tr(α ∧ β), α, β ∈ Ωp(X,E).
We denote by Tr the sesquilinear map Tr : Ωp(X,EndE)× Ωq(X,EndE) → Ωp+q(X,C) induced
by the map tr : Ωp(X,E)×Ωq(X,E)→ Ωp+q(X,C). Then we have a simple corollary of the above
theorem.
Proposition 2.4. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, i.e., there is a bounded 1-form θ such that ω = dθ, dA be a connection on a vector bundle E
over X . If s ∈ Ωp(2)(X,E), (p ≤ n− 1) satisfies dAs = 0, then∫
X
tr(s ∧ s) ∧ ωn−p = 0.
Proof. At first, following the Equation (2.1), we observe an identity
tr(s ∧ s) ∧ ωn−p = d(tr(s ∧ s) ∧ ωn−p−1 ∧ θ).
It is easy to see
|tr(s ∧ s) ∧ ωn−p| ≤ C(n, p)|s|2
and
|tr(s ∧ s) ∧ ωn−p−1 ∧ θ| ≤ C(n, p)|s|2| · θ|L∞ .
It implies that |tr(s∧s)∧ωn−p| and |tr(s∧s)∧ωn−p−1∧θ| are all in L1. Thus following the Theorem
2.3, we complete the proof of this proposition.
2.3 Harmonic forms of degree 2
We shall generally adhere to the now standard gauge-theory conventions and notation of Donaldson
and Kronheimer[9, Section 2.1]. Let X be a manifold with a Riemannian metric g. Let E be a vector
bundle over X with a compact Lie group as its structure group. We denote by gE the bundle of Lie
algebras associated to the adjoint representation. Thus, gE is a subbundle of EndE = E ⊗ E∗. A
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connection dA of E can be given by specifying a covariant derivative dA : Ω
p(X,E)→ Ωp+1(X,E).
In local trivializations of E, dA is of the form d + a for some g-valued 1-form α ∈ Ω1(X, gE). The
curvature of dA is a g-valued 2-form FA which is equal to d
2
A. The connection on E induces one on
gE and we will also denote the connection on gE by dA. The Yang-Mills energy functional is
YM(A) :=
∫
X
Tr(FA ∧ ∗FA) = ‖FA‖2L2(X).
A connection is called a Yang-Mills connection if it is a critical point of the Yang-Mills functional, i.e.,
d∗AFA = 0 [9, Euqation (2.1.34)]. In addition, all connections satisfy the Bianchi identity dAFA = 0
[9, Euqation (2.1.21)]. In fact, the connection dA on Bianchi identity is the connection on gE ⊂
EndE. This implies that the Yang-Mills connection is a harmonic-form of degree 2 on EndE.
We now focus on Ω2(X,E) which is the space of 2-from on E. The spaces Ω2(X,E) can decom-
posed as
Ω2(X,E) = Ω0,2(X,E)⊕ Ω2,0(X,E)⊕ P 1,1 ⊕ Ω1,10 (X,E),
where Ω1,10 denotes the space of (1, 1)-type propotional to ω. And let us now consider the operator ♯
which defined in [37]:
♯ : Ω2
Ln−2/(n−2)!−−−−−−−→ Ω2n−2 ∗−1=∗−−−→ Ω2, i.e., ♯ = ∗−1 ◦ Ln−2/(n− 2)!.
Then we have the following results from the definition of ♯ and Lemma 2.1.
Lemma 2.5. ([37, Lemma 2.2] )
(i) P 1,1 = {α ∈ Ω2 : ♯α = −α},
(ii) Ω2,0 ⊕ Ω0,2 = {α ∈ Ω2 : ♯α = α},
(iii) Ω1,10 = {α ∈ Ω2 : ♯α = (n− 1)α}.
Now we define an operator
♯˜ =
{
♯ Ω2,0 ⊕ Ω0,2 ⊕ P 1,1
♯/(n− 1) Ω1,10
Then we get ♯˜2 = idwhich implies thatΩ2 decomposed into the self-dual part Ω2+ = Ω
2,0⊕Ω0,2⊕Ω1,10
and the anti-self-dual part P 1,1. Hence any 2-form α can be splitted into the self-dual part α+ =
α2,0 + α0,2 + α0 ⊗ ω and the anti-self-dual part α− = α1,10 , where α0 = 1nΛα and α1,10 = α1,1 − α0.
Now we assert the following formula. Our proof here use Suh’s arguments in [37, Lemma 4.1] for
Yang-Mills energy functional.
Lemma 2.6. If α ∈ Ω2(X,E), then we have an identity:
tr(α ∧ ∗α) = −tr(α ∧ α) ∧ ω
n−2
(n− 2)! + 2|α
2,0 + α0,2|ω
n
n!
+ n|α0 ⊗ ω|2ω
n
n!
.
Furthermore, if α is in L2, then
‖α||2 = 2‖α0,2 + α2,0‖2 + n2‖α0‖2 +
∫
X
tr(α ∧ α) ∧ ω
n−2
(n− 2)! .
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Proof. Since the 2-form α is decomposed as α = α2,0 + α0,2 + α0 ⊗ ω + α1,10 , Lemma 2.5 yields
♯α = ∗(α ∧ ωn−2
(n−2)!
) = α2,0 + α0,2 + (n− 1)α0 ⊗ ω − α1,10 . Then we get
∗ α = (α2,0 + α0,2) ∧ ω
n−2
(n− 2)! + α0 ∧
ωn−1
(n− 1)! − α
1,1
0 ∧
ωn−2
(n− 2)! .
By a direct calculation we have
tr(α ∧ ∗α) = tr(α2,0 + α0,2) ∧ (α2,0 + α0,2) ∧ ω
n−2
(n− 2)! + tr(α0 ∧ α0)
ωn
(n− 1)!
− tr(a1,10 ∧ α1,10 ) ∧
ωn−2
(n− 2)! ,
(2.2)
tr(α ∧ α) ∧ ω
n−2
(n− 2)! = tr(α
2,0 + α0,2) ∧ (α2,0 + α0,2) ∧ ω
n−2
(n− 2)! + tr(α0 ∧ α0)
ωn
(n− 2)!
+ tr(α1,10 ∧ α1,10 ) ∧
ωn−2
(n− 2)! .
(2.3)
Thus, combining Equations (2.2)–(2.3), we obtain Lemma 2.6.
Proposition 2.7. If α ∈ Ω2(X,E) satisfies (dA + d∗A)α = 0, then we have the following identities:
(i) 2∂∗Aα
2,0 = −√−1n∂Aα0,
(ii) 2∂¯∗Aα
0,2 =
√−1n∂¯Aα0.
Proof. Our proof here use the author’s arguments in [20] Proposition 2.1 for Yang-Mills connection.
We prove only the first identity, the second proof is similar. Recall the equation dAα = 0, we take
(1, 2) part, it implies that
0 = ∂¯Aα
1,1
0 + ∂¯A(α0 ⊗ ω) + ∂Aα0,2.
Thus, we obtain
0 =
√−1Λ(∂¯Aα1,10 ) +
√−1Λ∂¯A(α0 ⊗ ω) +
√−1Λ∂Aα0,2. (2.4)
The equation d∗Aα = 0, we take (0, 1) part, it implies that
∂∗A(α
1,1
0 + α0 ⊗ ω) + ∂¯∗Aα0,2 = 0. (2.5)
By Ka¨hler identities, See Proposition 3.4, we can write (2.5) to
0 =
√−1[Λ, ∂¯A](α1,10 + α0 ⊗ ω)−
√−1[Λ, ∂A]α0,2
=
√−1Λ(∂¯Aα1,10 ) +
√−1Λ∂¯A(α0 ⊗ ω)−
√−1n∂¯Aα0 −
√−1Λ∂Aα0,2.
(2.6)
Thus, combining Equations (2.4)–(2.6), we obtain
0 = −2√−1Λ∂Aα0,2A −
√−1n∂¯Aα0
= 2∂¯∗Aα
0,2
A −
√−1n∂¯Aα0.
The second identity can be proved analogously.
L2 vanishing theorem on some Ka¨hler manifolds 11
The curvature FA of a Hermitian connection dA on E over a complete complex manifold is in
Ω2(X, gE). Thus, we can decompose FA as
FA = F
2,0
A + F
1,1
A0 +
1
n
FˆA ⊗ ω + F 0,2A ,
where FˆA := ΛFA and F
1,1
A0 = F
1,1
A − 1n FˆA ⊗ ω. Following Lemma 2.6, we can write Yang-Mills
functional as
YM(A) = 4‖F 0,2A ‖2 + ‖ΛFA‖2 −
∫
X
Tr(FA ∧ FA) ∧ ω
n−2
(n− 2)! .
The energy functional ‖ΛFA‖2 plays an important role in the study of Hermitian-Einstein connections
(See [8, 9, 39]). Following Proposition 2.7, we have
Proposition 2.8. If dA is a Yang-Mills connection on a complete Ka¨hler manifold. Then
2∂¯∗AF
0,2
A =
√−1∂¯AFˆA, 2∂∗AF 2,0A = −
√−1∂AFˆA. (2.7)
In particular, if dA ∈ A1,1E , then dAFˆA = 0, i.e., FˆA is harmonic with respect to∆A.
Corollary 2.9. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω,E be a Hermitian vector bundle overX and dA be a Hermitian connection onE. If dA ∈ A1,1E
is a smooth Yang-Mills connection with L2-curvature FA, then
(i) dA is a flat connection, for n ≥ 3,
(ii) dA is an anti-self-dual connection, for n = 2.
Proof. By Proposition 2.8, we can see that FˆA is L
2-harmonic section onE. TheWeizenbo¨ck formula
gives
0 = ∆AFˆA = ∇∗A∇AFˆA.
Thus we have ∇AFˆA = 0. The Kato inequality |∇FˆA| ≤ ∇|FˆA|, See [14, Equation (6.20)] implies
that∇|FˆA| = 0. By Theorem 2.2, we get FˆA = 0. Following Proposition 2.4, we have∫
X
Tr(FA ∧ FA) ∧ ωn−2 = 0, n ≥ 3.
By the Energy identity of Yang-Mills connection, we have the connection dA is flat for n ≥ 3 and dA
is anti-self-dual for n = 2. We complete the proof of this corollary.
3 Hodge theory
As we derive estimates in this section (and also following sections), there will be many constants
which appear. Sometimes we will take care to bound the size of these constants, but we will also
use the following notation whenever the value of the constants are unimportant. We write α . β to
mean that α ≤ Cβ for some positive constant C independent of certain parameters on which α and β
depend. The parameters on which C is independent will be clear or specified at each occurrence. We
also use β . α and α ≈ β analogously.
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3.1 Harmonic form with respect to ∆A
Let (X, g) be an oriented, smooth, Riemannian manifold, dimRX = n, and E be a Hermitian vector
bundle over X . Assume now that dA is a Hermitian connection on E. The formal adjoint operator of
dA acting on Ω
p(X,E) is d∗A = (−1)np+1 ∗ dA∗, where the operator ∗ : Ωp(X,E)→ Ωn−p(X,E) in-
duced by the Hodge-Poincare´-De Rahm operator ∗g [5, Charp Vi, Section 3]. Indeed, if α ∈ Ωp(X,E),
β ∈ Ωp+1(X,E) have compact support, we get∫
X
〈dAα, β〉 =
∫
X
〈α, d∗Aβ〉.
The Laplace-Beltrami operator associated to dA is the second order operator ∆A = dAd
∗
A + d
∗
AdA.
Definition 3.1. The space of L2-harmonic forms of degree of p respect to the Laplace-Beltrami oper-
ator ∆A is defined by
Hp(2)(X,E) = {α ∈ Ωp(2)(X,E) : ∆Aα = 0}.
In this article, we follow the method of Gromov’s [18] to choose a sequence of cutoff functions
{fε} satisfying the following conditions:
(i) fε is smooth and takes values in the interval [0, 1], furthermore, fε has compact support.
(ii) The subsets f−1ε ⊂ X , i.e., of the points x ∈ X where fε(x) = 1 exhaust X as ε→ 0.
(iii) The differential of fε everywhere bounded by ε,
‖dfε‖L∞(X) = sup
x∈X
|dfε| ≤ ε.
Then we have an useful lemma as follows.
Lemma 3.2. If α is a L2-harmonic form of degree p with respect to∆A over a complete Riemannian
manifoldX , then α also satisfies
dAα = d
∗
Aα = 0.
Proof. By a simple computation
0 = 〈∆Aα, f 2εα〉L2(X) = 〈dAα, dA(f 2εα)〉L2(X) + 〈d∗Aα, d∗A(f 2εα)〉L2(X)
= 〈dAα, fεdfε ∧ α + f 2ε dAα〉L2(X) + 〈d∗Aα, ∗(fεdfε ∧ ∗α) + f 2ε d∗Aα〉L2(X)
= I1(ε) + I2(ε),
where
I1(ε) =
∫
X
f 2ε (|dAα|2 + |d∗Aα|2)
and
I2(ε) ≤ 2
∫
X
|dfε||fε||α|(|dAα|+ |d∗Aα|).
Then we choose fε, such that |dfε|2 < εfε on X and estimate I2 by Schwartz inequality. This yields
I2(ε) ≤ 2ε‖fεα‖L2(X)
( ∫
X
f 2ε (|dAα|2 + |d∗Aα|2)
)1/2
and hence I1 → 0 for ε→ 0.
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Remark 3.3. We denote by Ωk(0)(X,E) by the space of C
∞ k-forms on E with compact support on
X . Then, for any α ∈ Ωk0(X,E), we have the identity
〈∆Aα, α〉L2(X) = ‖dAα‖2L2(X) + ‖d∗Aα‖2L2(X).
The above identity also holds in the case of α ∈ Ωk(2)(X,E) such that∆Aα ∈ L2.
There are several commutation relations between the basic operators associated to a Ka¨hler man-
ifold X , all following more or less directly from the Ka¨hler condition dω = 0; taken together, these
are referred to as the Ka¨hler identities [5, 21].
Proposition 3.4. Let X be a complete Ka¨hler manifold, E a Hermitian vector bundle overX and dA
be a Hermitian connection on E. We have the following identities
(i) [Λ, ∂¯A] = −
√−1∂∗A, [Λ, ∂A] =
√−1∂¯∗A.
(ii) [∂¯∗A, L] =
√−1∂A, [∂∗A, L] = −
√−1∂¯A.
Since ω is parallel, the operator Lk : Ωp(X,E) → Ωp+2k(X,E) defined by Lk(α) = α ∧ ωk for
all p-forms commutes with dA. But the operator L
k does not commute with d∗A in general, therefore
the operator Lk does not commute with∆A.
If A and B are operators on forms, define the (graded) commutator as
[A,B] = AB − (−1)degA·degBBA,
where degT is the integer d for T : ⊕p+q=rΩp,q(X,E) → ⊕p+q=r+dΩp,q(X,E). If C is another endo-
morphism of degree c, the following Jacobi identity is easy to check
(−1)ca[A, [B,C]]+ (−1)ab[B, [C,A]]+ (−1)bc[C, [A,B]] = 0.
For any (p, q)-form α on E which also satisfies dAα = d
∗
Aα = 0, we observe the following useful
lemma.
Lemma 3.5. If α ∈ Ωp,q(X,E) ∩ Hp+q(2) (X,E) on a complete Ka¨hler manifoldX , then
[d∗A, L
k]α = 0, ∀ k ∈ N.
In particular, [∆A, L
k]α = 0.
Proof. At first, following Lemma 3.2, we have dAα = (∂¯A + ∂A)α = 0, i.e.,
∂¯Aα = ∂Aα = 0.
Then for any k ∈ N,
[∂A, L
k]α = 0, [∂¯A, L
k]α = 0.
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From Ka¨hler identities, one has
[d∗A, L
k]α = d∗AL
kα = ([d∗A, L] + Ld
∗
A)(L
k−1α)
= (
√−1(∂A − ∂¯A) + Ld∗A)(Lk−1α)
= Ld∗AL
k−1α = L([d∗A, L] + Ld
∗
A)(L
k−2α)
= L2d∗AL
k−2α = . . . = Lk(d∗Aα) = 0.
Following the Jacobi identity, we have
[∆A, L
k] = [[dA, d
∗
A], L
k] = [[Lk, dA], d
∗
A] + [[d
∗
A, L
k], dA] = 0.
We complete this proof.
Remark 3.6. Let αk be a smooth k-form on E. Then we can write αk =
∑
p+q=k ap,q. If dAαk =
d∗Aαk = 0, then we have
∂¯Aαp,q + ∂Aαp−1,q+1 = 0, ∂¯
∗
Aαp,q + ∂
∗
Aαp+1,q−1 = 0. (3.1)
If dA is a smooth Hermitian connection, then we always can not deduce from Equations (3.1) to the
identity ∂¯Aαp,q = 0 for any 0 ≤ p ≤ k. It means that ∂¯Aαk = 0 may be incorrect. One also can see
Proposition 2.7 on 2-forms case.
Next, let us indicate one simple proposition:
Proposition 3.7. If the L2-harmonic form α in Ωk(2)(X,E) is dA(L
2), i.e., there exists a L2-form β
such that α = dAβ, then α = 0.
Proof. Let {fε} be a sequence of cutoff functions on [18]. Noting that d∗Aα = 0 and fεα has compact
support, one have
〈dAβ, fεα〉L2(X) = 〈β, dfε ∧ α〉L2(X).
Then, we choose |dfε|2 < εfε onX . This yields
|〈dAβ, fεα〉L2(X) = |〈β, dfε ∧ α〉L2(X)|
≤ ε‖α‖L2(X) · ‖β‖L2(X)
→ 0, for ε→ 0.
Since limε→0 fεα(x) = α(x), it follows from the dominated convergence theorem that
lim
ε→0
〈dAβ, fεα〉L2(X) = ‖α‖2L2(X).
Combining the preceding inequalities yields α = 0.
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Proof of Theorem 1.1. Let k = p+ q. We denote β = θ ∧ ωk−1 ∧ α. It’s easy to see
dAβ = dA(θ ∧ ωk−1 ∧ α) = Lkα.
Since α is in L2 and θ ∧ ωk−1 is bounded,
‖β‖L2(X) ≤ ‖α‖L2(X)‖θ ∧ ωk−1‖L∞(X),
i.e., β is also in L2.Thus the form Lkα = ωk ∧ α is dA(L2)
Furthermore, if α is harmonic, then following Lemma 3.5, Lkα is harmonic with respect to ∆A.
Thus from Proposition 3.7, we have Lkα = 0 for any k > 0. Following Lemma 2.1, it implies that
α = 0, unless p+ q = n.
We also like to give a lower bound on the spectra of the Laplace operator ∆A on L
2-forms Ωp
for p 6= n to sharpen the Lefschetz vanishing theorem 1.1. In [18], Gromov used the property Lk
commuted with ∆ to give a lower bound. Although we can not get a similar result for all L2-forms,
the lower bound on the spectra of the Laplace operator∆A will be proved for the primitive L
2-forms.
Proposition 3.8. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, i.e. there exists a bounded 1-form θ such that ω = dθ. Then for any L2-form α ∈ P i,j :=
P k ∩ Ωi,j(X,E) on X of degree k := i+ j 6= n satisfies the inequality
cn,k‖θ‖−2L∞(X)‖α‖2L2(X) ≤ 〈α,∆Aα〉L2(X), (3.2)
where cn,k > 0 is a constant which depends only on n, k.
Proof. Inequality (3.2) makes sense, strictly speaking, if ∆Aα (as well as α) is in L
2. In this case
(dA + d
∗
A)α is also in L
2 by the proof of Lemma 3.2 and (3.2) is equivalent to
‖(dA + d∗A)α‖L2(X) ≥ c0‖α‖L2(X). (3.3)
Moreover the cutoff argument in this section shows that the general case of (3.3), where we only
assume α and (dA + d
∗
A)α in L
2, follows from that where α is a smooth function with compact
support. In particular, inequality (3.2) with α in L2 implies the general case of (3.3).
The linear map Ln−k : Ωk → Ω2n−k for k ≤ n−1 is a bijective quasi-isometry on P i,j (i+j = k),
thus any α ∈ P i,j satisfies
α = C(n, k) ∗ Ln−kα = C(n, k) ∗ (α ∧ ωn−k),
where C(n, k) =
√−1j2−i2(−1)ij 1
(n−k)!
. We write ∗α = dAη − α˜, for
η = C(n, k)(θ ∧ α ∧ ωn−k−1), α˜ = C(n, k)(θ ∧ dAα ∧ ωn−k−1)
Noting that
‖α‖L2(X) = ‖ ∗ α‖L2(X), ‖η‖L2(X) . ‖θ‖L∞(X)‖α‖L2(X).
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We then have
‖α˜‖L2(X) . ‖θ‖L∞(X)‖dAα‖2L2(X) . ‖θ‖L∞(X)〈∆Aα, α〉1/2L2(X).
We observe that
|〈∗α, dAη〉L2(X)| = |〈∗dAα, η〉L2(X)|
≤ ‖dAα‖L2(X)‖η‖L2(X)
≤ 〈∆Aα, α〉1/2L2(X)‖η‖L2(X)
. 〈∆Aα, α〉1/2L2(X)‖θ‖L∞(X)‖α‖L2(X)
and
|〈α, α˜〉|L2(X) ≤ ‖α‖L2(X)‖α˜‖L2(X) . 〈∆Aα, α〉1/2L2(X)‖θ‖L∞(X)‖α‖L2(X).
It now follows from above inequalities that
‖α‖L2(X) = ‖ ∗ α‖L2(X)
≤ |〈∗α, dAη〉L2(X)|+ |〈∗α, α˜〉|L2(X)
. ‖θ‖L∞(X)〈∆Aα, α〉1/2L2(X).
The case k > n follows by the Poincare duality as the operator ∗ : Ωk → Ω2n−k commutes with
∆A.
3.2 Uniform positive lower bounds for the least eigenvalue of∆A
There are several commutation relations between the basic operators associated to a Ka¨hler manifold
(X,ω), all following more or less directly from the Ka¨hler condition dω = 0. Taken together, these
are referred to as the Ka¨hler identities. At first, we observe that the operator Lk commutes with ∆A
for any connection dA ∈ A1,1E .
Lemma 3.9.
[∆A, L
k] = 2k
√−1(F 2,0A − F 0,2A )Lk−1, ∀ k ∈ N.
In particular, if the connection dA ∈ A1,1E , then∆A commutes with Lk for any k ∈ N.
Proof. The case of k = 1: the operators dA, d
∗
A and L satisfy the following Jacobi identity:
−[L, [dA, d∗A]]+ [d∗A, [L, dA]]+ [dA, [d∗A, L]] = 0.
Then we have
[L,∆A] =
[
dA, [d
∗
A, L]
]
= [∂A + ∂¯A,
√−1(∂A − ∂¯A)]
= [
√−1∂A, ∂A]− [
√−1∂¯A, ∂¯A]
= 2
√−1(F 2,0A − F 0,2A ).
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We suppose that the case of p = k − 1 is true, i.e.,
[∆A, L
k−1] = 2(k − 1)√−1(F 2,0A − F 0,2A )Lk−2.
Thus if p = k, we have
[∆A, L
k] = [∆A, L]L
k−1 + L[∆A, L
k−1]
= 2
√−1(F 0,2A − F 2,0A )Lk−1 + 2(k − 1)
√−1L(F 2,0A − F 0,2A )Lk−2
= 2k
√−1(F 2,0A − F 0,2A )Lk−1.
If dA ∈ A1,1E , then [∆A, Lk] = 0.
Proof of Theorem 1.3.
Case I: dA ∈ A1,1E
Let α be a p-form on vector bundle, we denote β = Lkα = ωk ∧ α. We recall the operator Lk :
Ωp(X,E) → Ωp+2k(X,E) for a given p < n and p + k = n. Since the Lefschetz theorem Lk is a
bijective quasi-isometry,
‖α‖L2(X) ≈ ‖β‖L2(X).
If α is in L2, β is also in L2. Since F 0,2A = 0, following Lemma 3.9, [L
k,∆A] = 0. Then we have
〈∆Aβ, β〉L2(X) = 〈Lk(∆Aα)Lkα〉L2(X) ≈ 〈∆Aα, α〉L2(X).
We write β = dAη − α˜, for η = α ∧ ωk−1 ∧ θ and α˜ = dAα ∧ ωk−1 ∧ θ. Observe that
‖η‖L2(X) . ‖θ‖L∞(X)‖α‖L2(X) . ‖θ‖L∞(X)‖β‖L2(X), (3.4)
and
‖α˜‖L2(X) . ‖dAα‖L2(X)‖θ‖L∞(X) . 〈∆Aα, α〉1/2L2(X)‖θ‖L∞(X). (3.5)
We then have
‖β‖2L2(X) ≤ |〈β, dAη〉L2(X)|+ |〈β, α˜〉L2(X)|
≤ |〈d∗Aβ, η〉L2(X)|+ |〈β, α˜〉L2(X)|
. 〈∆Aβ, β〉1/2L2(X)‖θ‖L∞(X)‖β‖L2(X) + ‖β‖L2(X)‖dAα‖L2(X)‖θ‖L∞(X)
. 〈∆Aα, α〉1/2L2(X)‖θ‖L∞(X)‖β‖L2(X).
This yields the desired estimation
‖α‖2L2(X) . ‖β‖2L2(X) . ‖θ‖2L∞(X)〈∆Aα, α〉L2(X).
Case II: dA /∈ A1,1E
Now, we begin to consider the case which the (0, 2)-part of the curvature is non-zero. We denote by
α a L2 harmonic p-form, p < n and β = Lkα, k = n− p, thus
‖α‖L2(X) ≈ ‖β‖L2(X), 〈∆Aα, α〉L2(X) ≈ 〈Lk(∆Aα), Lkα〉L2(X). (3.6)
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Following Lemma 3.9, we obtain
〈∆Aβ, β〉L2(X) = 〈[∆A, Lk]α + Lk(∆Aα), Lkα〉L2(X)
= 〈2k√−1(F 2,0A − F 0,2A )Lk−1α, Lkα〉L2(X) + 〈Lk(∆Aα), Lkα〉L2(X).
Thus we have
〈∆Aβ, β〉L2(X) .
∫
X
(|F 0,2A |+ |F 2,0A |)|α|2 + 〈Lk(∆Aα), Lkα〉L2(X)
. 〈∆Aα, α〉L2(X) + ‖F 0,2A ‖Ln(X)‖α‖2L2n/n−1(X)
. 〈∆Aα, α〉L2(X) + ‖F 0,2A ‖Ln(X)‖α‖2L2
1
(X).
(3.7)
Following in the case I, we can write β = dAη − α˜, for η = α ∧ ωk−1 ∧ θ and α˜ = dAα ∧ ωk−1 ∧ θ.
Combining the Equations (3.4) and (3.5) with the estimates (3.6)–(3.7) yields
‖β‖2L2(X) ≤ |〈β, dAη〉L2(X)|+ |〈β, α˜〉L2(X)|
= |〈d∗Aβ, η〉L2(X)|+ |〈β, α˜〉L2(X)|
. 〈∆Aβ, β〉1/2L2(X)‖θ‖L∞(X)‖α‖L2(X) + 〈∆Aα, α〉1/2L2(X)‖θ‖L∞(X)‖β‖L2(X)
. 〈(∆Aβ, β〉1/2L2(X) + 〈∆Aα, α〉1/2L2(X))‖θ‖L∞(X)‖α‖L2(X)
(3.8)
This yields the desired estimation
‖α‖2L2(X) . ‖β‖2L2(X) . ‖θ‖L∞(X)‖α‖L2(X)(〈∆Aα, α〉1/2L2(X) + ‖F 0,2A ‖1/2Ln(X)‖α‖L21(X))
. ‖θ‖L∞(X)‖α‖L2(X)(〈∆Aα, α〉1/2L2(X) + ‖F 0,2A ‖1/2Ln(X)(〈∆Aα, α〉1/2L2(X) + ‖α‖L2(X))
. ‖θ‖L∞(X)
(
(1 + ‖F 0,2A ‖1/2Ln(X))‖α‖L2(X)〈∆Aα, α〉1/2L2(X) + ‖F 0,2A ‖1/2Ln(X)‖α‖2L2(X)
)
.
(3.9)
If we replace the Ln-norm of F 0,2A to L
∞-norm, then inequalities (3.7) and (3.9) replaced to
〈∆Aβ, β〉L2(X) . 〈∆Aα, α〉L2(X) + ‖F 0,2A ‖L∞(X)‖α‖2L2(X). (3.10)
and
‖α‖2L2(X) . ‖β‖2L2(X) . ‖θ‖L∞(X)‖α‖L2(X)(〈∆Aα, α〉1/2L2(X) + ‖F 0,2A ‖1/2L∞(X)‖α‖L2(X))
. ‖θ‖L∞(X)‖α‖L2(X)〈∆Aα, α〉1/2L2(X) + ‖θ‖L∞(X)‖F 0,2A ‖1/2L∞(X)‖α‖2L2(X).
(3.11)
Thus, we can choose ‖F 0,2A ‖Ln(X) or ‖F 0,2A ‖L∞(X) small enough to ensure (1.2).
If we assume that E possesses a flat Hermitian connection dA which means that FA = 0, or
equivalently, thatE is given by a representation πX → U(r). Thanks to our flatness assumption, there
are orthogonal decompositions ([5, Chapter VIII Theorem 3.2] )
Ωk(2)(X)⊗ E = Hk(2)(X,E)⊕ ImdA ⊕ Imd∗A.
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We denote by HpDR(X,E) the L
2 de Rham cohomology groups, namely the cohomology groups of
complex (K•, dA) defined by
Kp := {u ∈ Ωp(2)(X)⊗ E : dAu = 0}.
In other words, one has HpDR(X,E) = ker dA/ImdA, where dA is a L
2-extension of the connection
calculated in the sense of distributions.
Theorem 3.10. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω, i.e. there exists a bounded 1-form θ such that ω = dθ. If dA is a flat connection on E and
HkDR(X,E) (k 6= n) is finite dimensional, then
HkDR(X,E) = 0.
We also can extend the vanishing Theorem 1.1 to the case of sublinear growing one form θ. The
method of this proof follows the idea in [3].
Proof of Theorem 1.4. By hypothesis, there exists a 1-form θ with dθ = ω and
‖θ(x)‖L∞(X) ≤ c(1 + ρ(x, x0)),
where c is an absolute constant. In what follows we assume that the distance function ρ(x, x0) is
smooth for x 6= x0. The general case follows easily by an approximation argument.
Let η : R→ R be smooth, 0 ≤ η ≤ 1,
η(t) =
{
1, t ≤ 0
0, t ≥ 1
and consider the compactly supported function
fj(x) = η(ρ(x0, x)− j),
where j is a positive integer.
Let α be a harmonic k-form in Ωk(2)(X,E), and consider the form β = θ ∧ α. From Lemma 3.9,
we have ω ∧ α ∈ Hk+2(2) (X,E), thus d∗A(ω ∧ α) = 0. Noticing that fjβ has compact support, one has
0 = 〈d∗A(ω ∧ α), fjβ〉L2(X) = 〈ω ∧ α, dA(fjβ)〉L2(X).
We further note that, since ω = dθ and dAα = 0,
0 = 〈ω ∧ α, dA(fjβ)〉L2(X)
= 〈ω ∧ α, fjdAβ〉L2(X) + 〈ω ∧ α, dfj ∧ β〉L2(X)
= 〈ω ∧ α, fjω ∧ α〉L2(X) + 〈ω ∧ α, dfj ∧ β〉L2(X)
= 〈ω ∧ α, fjω ∧ α〉L2(X) + 〈ω ∧ α, dfj ∧ θ ∧ α〉L2(X).
(3.12)
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Since 0 ≤ fj ≤ 1 and limj→∞ fj(x)(ω ∧ α)(x) = (ω ∧ α)(x), it follows from the dominated
convergence theorem that
lim
j→∞
〈ω ∧ α, fjω ∧ α〉L2(X) = ‖ω ∧ α‖2L2(X). (3.13)
Since ω is bounded, supp(dfj) ⊂ Bj+1\Bj and ‖θ(x)‖L∞ = O(ρ(x0, x)), one obtains that
|〈ω ∧ α, dfj ∧ θ ∧ α〉L2(X)| ≤ (j + 1)C
∫
Bj+1\Bj
|α(x)|2dx, (3.14)
where C is a constant independent of j.
We claim that there exists a subsequence {ji}i≥1 such that
lim
i→∞
(ji + 1)
∫
Bji+1\Bji
|α(x)|2dx = 0. (3.15)
If not, there exists a positive constant a such that
lim
j→∞
(j + 1)
∫
Bj+1\Bj
|α(x)|2dx ≥ a > 0, j ≥ 1.
This inequality implies
∫
X
|α(x)|2dx =
∞∑
j=0
∫
Bj+1\Bj
|α(x)|2dx
≥ a
∞∑
j=0
1
j + 1
= +∞
which is a contradiction to the assumption
∫
X
|α(x)|2dx < ∞. Hence, there exists a subsequence
{ji}i≥1 for which (3.15) holds. Using (3.14) and (3.15), one obtains
lim
i→∞
〈ω ∧ α, dfji ∧ θ ∧ α〉L2(X) = 0 (3.16)
It now follows from (3.12), (3.13) and (3.16) that ω ∧ α = 0. Following Lemma 2.1, we have α =
0.
We will construct a priori estimate for any smooth form on vector bundle under the condition that
Ln-norm of the curvature FA is small enough.
Lemma 3.11. Let (X,ω) be a complete, Ka¨hler manifold, dimCX = n, with a d(bounded) Ka¨hler
form ω,E be a Hermitian vector bundle overX and dA be a Hermitian connection onE. Suppose that
the Riemannian curvature tensor of the Ka¨hler metric g on X is bounded. Then there are constants
ε = ε(X, n) ∈ (0, 1] and C = C(X, n) ∈ [1,∞) with following significance. If the curvature FA of
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the connection dA obeys
(1) ‖FA‖Ln(X) ≤ ε or
(2) FA has a bounded L
∞-norm,
then any α ∈ Ωk(2)(X,E) satisfies
‖∇Aα‖2L2(X) ≤ C(〈∆Aα, α〉L2(X) + ‖α‖2L2(X)). (3.17)
Proof. Inequality (3.17) makes sense, strictly speaking, if ∆Aα (as well as α) is in L
2. At first, the
Weizenbo¨ck formulas gives,
∆Aα = ∇∗A∇Aα + {Riem, α}+ {FA, α}, α ∈ Ωk(X,E).
Let {yj}∞j=1 be a sequence of cutoff functions, 0 ≤ yj ≤ 1, with limj→∞yj = 1 pointwise and |dyj|
uniformly bounded. Then Thus we have
〈∆Aα, y2iα〉L2(X) = 〈∇∗A∇Aα, y2iα〉L2(X) + 〈{Riem, α}+ {FA, α}, y2iα〉L2(X) (3.18)
The first term on left hand of (3.18) :
〈∇∗A∇Aα, y2iα〉 = 〈∇Aα,∇A(y2iα)〉L2(X)
= 〈∇Aα, y2i∇Aα〉L2(X) + 〈∇Aα, 2yi∇yiα〉L2(X)
= ‖yi∇Aα +∇yiα‖2L2(X) − ‖∇yiα‖2L2(X)
= ‖∇A(yiα)‖2L2(X) − ‖∇yiα‖2L2(X).
The second term on left hand of (3.18):
|〈{Riem, α}, y2iα〉|L2(X) ≤ sup |Riem| · ‖yiα‖2L2(X).
The third term on left hand of (3.18):
‖〈{FA, α}, y2iα〉‖L2(X) . ‖FA‖Ln(X)‖yiα‖2
L
2n
n−1 (X)
. ‖FA‖Ln(X)‖yiα‖2L2
1
(X), (3.19)
here we use the Sobolev embedding L21 →֒ L2n/(n−1). This yields the desired estimation
‖∇A(yiα)‖2L2(X) . 〈∆Aα, y2iα〉L2(X) + ‖yiα‖2L2(X) + ‖FA‖Ln(X)‖yiα‖2L2
1
(X) + ‖∇yiα‖2L2(X)
. 〈∆Aα, y2iα〉L2(X) + (1 + ‖FA‖Ln(X))‖yiα‖2L2(X)
+ ‖FA‖Ln(X)‖∇A(yiα)‖2L2(X) + ‖∇yiα‖2L2(X).
(3.20)
We can choose ‖FA‖Ln(X) sufficiently small to ensure the inequality
‖∇A(yiα)‖2L2(X) . 〈∆Aα, y2iα〉L2(X) + ‖yiα‖2L2(X). (3.21)
Taking i→∞, we obtain inequality (3.17).
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If we replace the Ln-norm of F 0,2A to L
∞-norm, then inequalities (3.19) and (3.20) replaced to
‖〈{FA, α}, y2iα〉‖L2(X) . ‖FA‖L∞(X)‖yiα‖2L2(X),
and
‖∇A(yiα)‖2L2(X) . 〈∆Aα, y2iα〉L2(X) + ‖yiα‖2L2(X) + ‖FA‖L∞(X)‖yiα‖2L2(X) + ‖∇yiα‖2L2(X)
. 〈∆Aα, y2iα〉L2(X) + (1 + ‖FA‖L∞(X))‖yiα‖2L2(X) + ‖∇yiα‖2L2(X).
If FA has a bounded L
∞-norm, then taking i→∞, we obtain inequality (3.17).
As we derive estimates in this section (and also following section), we assume that any smooth L2
form ψ has compact support. Otherwise we can replace ψ to yjψ, where yj is the cutoff function on
Lemma 3.11.
Proof of Theorem 1.5. Following the Bochner-Kodaira-Nakano formula [5, Chapter VII., Corollary
1.3]
∆∂¯E = ∆∂E +
√−1[Θ(E),Λ],
we have
∆E = ∆∂¯E +∆∂E = 2∆∂¯E −
√−1[Θ(E),Λ],
where ∆E := DED
∗
E +D
∗
EDE . Then for any α ∈ Ωp,q(2)(X,E), we have
〈∆Eα, α〉L2(X) ≤ 2〈∆∂¯Eα, α〉L2(X) + |〈[Θ(E),Λ]α, α〉L2(X)|
≤ 2〈∆∂¯Eα, α〉L2(X) + |〈Θ(E)(Λα), α〉L2(X)|+ |〈Θ(E)α, α ∧ ω〉L2(X)|
. 〈∆∂¯Eα, α〉L2(X) + ‖Θ(E)‖Ln(X)‖α‖2L 2nn−1 (X)
. 〈∆∂¯Eα, α〉L2(X) + ‖Θ(E)‖Ln(X)‖α‖2L21(X)
. 〈∆∂¯Eα, α〉L2(X) + ‖Θ(E)‖Ln(X)(1 + ‖θ‖2L∞(X))‖∇Eα‖2L2(X)
(3.22)
The last line, we use the inequality (See Theorem 2.2)
‖α‖L2(X) . ‖θ‖L∞(X)‖∇|α|‖L2(X) . ‖θ‖L∞(X)‖∇Eα‖L2(X).
If the curvature Θ(E) obeys ‖Θ(E)‖Ln(X) ≤ ε, where ε is the constant in the Lemma 3.11, then we
have
‖∇Eα‖2L2(X) . (〈∆Eα, α〉L2(X) + ‖α‖2L2(X))
. (1 + ‖θ‖2L∞(X))〈∆Eα, α〉L2(X)
here we use the inequality (See Theorem 1.3)
‖α‖2L2(X) . ‖θ‖2L∞(X)〈∆Eα, α〉L2(X).
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This yields the desired estimate
〈∆Eα, α〉L2(X) . 〈∆∂¯Eα, α〉L2(X) + ‖Θ(E)‖Ln(X)(1 + ‖θ‖2L∞(X))2〈∆Eα, α〉L2(X). (3.23)
If we replace the Ln-norm of θ(E) to L∞-norm, then inequalities (3.22) and (3.23) replaced to
〈∆Eα, α〉L2(X) . 〈∆∂¯Eα, α〉L2(X) + ‖Θ(E)‖L∞(X)‖α‖2L2(X)
. 〈∆∂¯Eα, α〉L2(X) + ‖Θ(E)‖L∞(X)‖θ‖2L∞(X)‖∇Eα‖2L2(X)
and
〈∆Eα, α〉L2(X) . 〈∆∂¯Eα, α〉L2(X) + ‖Θ(E)‖L∞(X)‖θ‖2L∞(X)(1 + ‖θ‖2L∞(X))〈∆Eα, α〉L2(X).
Hence if ‖Θ(E)‖Ln(X) or ‖Θ(E)‖L∞(X) is sufficiently small, we have
〈∆Eα, α〉L2(X) . 〈∆∂¯Eα, α〉L2(X).
At last, if α ∈ Hp,q(2)(X,E), then α is also inHk(2)(X,E), k = p+q. Therefore, following the Theorem
1.3, we complete the proof of this theorem.
3.3 Nonvanishing results
In [18], Gromov proved a nonvanishing for p + q = dimCX follows from the L
2-index theorem and
an upper bound for the bottom of the spectrum [18, Main Theorem]. A special case of a conjecture
of Hopf follows from the main theorem. Namely, the Euler characteristic χ(X) of a compact, nega-
tively curved Ka¨hler manifold X of complex dimension n satisfies signχ(X) = (−1)n. Let E be a
vector bundle equipped with a Hermitian metric and Hermitian connection dA over a compact Ka¨hler
manifold. If P := dA + d
∗
A, the Atiyah-Singer’s index theorem states
Index(P ) =
∫
X
L(X)ch(E).
Here L(X) is Hirzebruch’s L classes,
L(X) = 1 + . . .+ e(X),
where 1 ∈ H0(X) and e(X) ∈ H2n(X) is the Euler class. The, the class L(X)ch(E) has in general
non-trivial components in various degrees. What is meant by the integral on the right hand side, of
course, is the evaluation of the top degree component [L(X)ch(E)]2n = [Lk(X)ch2n−k(E)].
For any p > 0, we have an estimate
‖FA‖Lp(X) ≤ ‖FA‖L∞(X)V ol(X)1/p.
Following a well-known result due to Uhlenbeck for the connections with Lp-small curvature (2p >
dimRX) [38], we can provide the L
∞-norm of the curvature FA of the Hermitian connection dA to
ensure that
‖FA‖L∞(X) ≤ ε,
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where ε is a small enough positive constant on [38, Corollary 4.3], then there exists a flat connection
dΓ on the Hermitian vector bundle E. We can write the connection dA = dΓ + a, where a is a 1-form
take value in gE . Therefore, FA = dΓa + a ∧ a. Then, [ch(E)] = [Tr(exp i2piFA)] = rank(E), i.e,
there exists a differential form η such
ch(E) = rank(E) + dη
Noting that dL(X) = 0. We then have,
Index(P ) =
∫
X
(1 + . . .+ e(X))(rank(E) + dη)
= rank(E)
∫
X
e(X) +
∫
X
d(L(X)η)
= rank(E)χ(X).
Therefore, if X is a closed Ka¨hler hyperbolic manifold, then
Index(P ) 6= 0.
We denote by P˜ the lift of P to the universal convering space X˜ of the closed hyperbolic Ka¨hler
X . Let Γ = π1(M). Then the Atiyah’s L
2 index [2, 32] gives that the L2 kernel of P˜ has a finite
Γ-dimension and
L2IndexΓ(P˜ ) = Index(P ) 6= 0.
This implies that P˜ has a non trivial L2 kernel. Following the vanishing theorem 1.3, we have
Hn(2)(X˜, E˜) := {α ∈ Ωn(2)(X˜, E˜) : ∆A˜α = 0} 6= {0}.
where E˜, dA˜ are the lifted bundle and connection of E, dA.
Corollary 3.12. Let (X,ω) be a closed Ka¨hler hyperbolic manifold, dimCX = n, E be a Hermitian
vector bundle overX and π : (X˜, ω˜)→ (X,ω) be the universal covering. Then there exists a positive
constant ε with following significance. If the curvature FA of a Hermitian connection dA on E obeys
‖FA‖L∞(X) ≤ ε,
then
Hn(2)(X˜, E˜) 6= {0}.
Proof. Since π is a local isometry, |FA˜|g˜ = |π∗(FA)|g˜ = |FA|g and the universal covering space X˜ is
bounded geometry. Thus, the Riemannian curvature tensor of the metric g˜ must be bounded. By the
hypothesis of FA, we have
‖FA˜‖L∞(X˜) ≤ ε.
Then the conclusion follows from the above argument.
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SupposeX is a compact Ka¨hler manifold with underlying Riemann metric g . We denote by∇g the
Hermitian connections induced by the Levi-Civita connection on Ω•,•TX . Let E be a holomorphic
vector bundle E on a compact Ka¨hler manifoldX ,DE be the Chern-connection on E. Thus the twist
bundle Ωp,0TX ⊗E is also a holomorphic vector bundle onX . Let
χp(X,E) :=
∑
q≥0
(−1)ihp,q(E)
denote the index of the operator
Dp = ∂¯E + ∂¯∗E : Ωp,∗(X,E)→ Ωp,∗±1(X,E),
where
hp,q(E) = dimHp,q(X,E) = dim{α ∈ Ωp,q(X,E) : Dpα = 0}.
In particular, χ0(X,E) called the Euler-Poincare´ characteristic [21, Section 5]. The Hirzebruch-
Riemann-Roch theorem gives
χp(X,E) =
∫
X
td(X)ch(Ωp,0TX ⊗ E) =
∫
X
td(X)ch(Ωp,0TX)ch(E).
If X is also hyperbolic, then Gromov proved that
Theorem 3.13. [18, 0.4.A. Theorem] If X is Ka¨hler hyperbolic, dimCX = n, then for every p =
0, 1, . . . , n, the Euler characteristic
χp(X) =
∫
X
td(X)ch(Ωp,0TX)
does not vanish and signχp = (−1)n−p.
Following the idea in Corollary 3.12, we have
Corollary 3.14. Let (X,ω) be a closed Ka¨hler hyperbolic manifold, dimCX = n, E be a Hermitian
vector bundle overX and π : (X˜, ω˜)→ (X,ω) be the universal covering. Then there exists a positive
constant ε with following significance. If the curvature FA of the Chern connectionDE on E obeys
‖Θ(E)‖L∞(X) ≤ ε,
then for any 0 ≤ p ≤ n,
Hp,n−p(2) (X˜, E˜) 6= {0},
Proof. Since π is a local isometry, the universal covering space X˜ is bounded geometry. The Chern
curvature Θ(E˜) also satisfies
‖Θ(E˜)‖L∞(X˜) ≤ ε.
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We denote by D˜p the lifted of Dp for p ≥ 0. Noting that d(td(X)ch(Ωp,0TX)) = 0 and [ch(E)] =
rank(E). We then have,
Index(Dp) =
∫
X
td(X)ch(Ωp,0TX)(rank(E) + dη) = rank(E)χp(X).
Then, by the Atyah’s L2-index theorem and Gromov’s theorem 3.13, we have
L2IndexΓ(D˜p) 6= 0.
This implies that D˜p has a non trivial L2 kernel. Following the vanishing theorem 1.3, we have
Hp,n−p(2) (X˜, E˜) 6= {0}.
4 The case of a Ka¨hler surface
Following the method on Section 2.2, any α ∈ Ω2(X,E) on a Ka¨hler surface can be decomposed as
α = α0,2 + α2,0 + α0 ⊗ ω + α1,10 , where α0 = 12Λα, Λα1,10 = 0. Furthermore, over a 4-dimensional
Riemannnian manifold, Ω2(X,E) is decomposed into its self-dual and anti-self-dual components,
Ω2(X,E) = Ω+(X,E) ⊕ Ω−(X,E), where Ω± denotes the projection onto the ±1 eigenspace of
the Hodge star operator ∗ : Ω2 → Ω2. Hence FA can be decomposed into its self-dual and anti-self-
dual components FA = F
+
A + F
−
A . A connection is called self-dual (respectively anti-self-dual), if
FA = F
+
A (respectively FA = F
−
A ). The self-dual part F
+
A is given as F
+
A = F
2,0
A +F
0,2
A +
1
2
(ΛFA)⊗ω
and the anti-self-dual part F−A is a form of type (1, 1) which is orthogonal to ω. A connection is called
an instanton if it is either self-dual or anti-self-dual. On compact oriented 4-manifolds, an instanton is
always an absolute minimizer of the Yang-Mills energy. Not all Yang-Mills connections are instantons
(See [33, 36]).
We will construct another priori estimate under the L2-norm of the self-dual part of the curvature
is small enough.
Lemma 4.1. Let (X,ω) be a complete Ka¨hler surface with a Ka¨hler d(bounded) form ω, i.e., there
exists a bounded 1-form θ such that ω = dθ, E be a Hermitian vector bundle over X and dA be a
Hermitian connection onE. Then there are constants ε = ε(X, θ) ∈ (0, 1] andC = C(X, θ) ∈ [1,∞)
with following significance. If the curvature FA of the connection dA obeys
‖F+A ‖L2(X) ≤ ε
Then any α ∈ H2(2)(X,E) satisfies
〈∆Aα0,2, α0,2〉L2(X) ≤ C‖F 0,2A ‖2L2(X)(1 + ‖θ‖2L∞(X))2‖∇Aα0,2‖2L2(X).
Proof. Following identity (i) in Proposition 2.7, we have
∂¯∗A∂¯
∗
Aα
0,2 =
√−1∂¯∗A∂¯Aα0
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The Weizenbo¨ck formula gives, see [9, Lemma 6.1.7],
∆Aα0 = 2∆∂¯Aα0 +
√−1ΛFA(α0)
= −2√−1∂¯∗A∂¯∗Aα0,2 +
√−1ΛFA(α0).
Next, we observe that
|〈∂¯∗A∂¯∗Aα0,2, α0〉L2(X) = |〈∗(F 0,2A ∧ ∗α0,2), α0〉L2(X)|
≤ ‖F 0,2A ‖L2(X)‖α0,2‖L4(X)‖α0‖L4(X)
≤ ε‖α0‖2L4(X) +
1
2ε
‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X),
where ε is a positive constant. We also observe that
|〈ΛFA(α0), α0〉L2(X)| ≤ ‖ΛFA‖L2(X)‖α0‖2L4(X).
This yields the desired estimate
〈∆Aα0, α0〉L2(X) ≤ 1
2ε
‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X) + (ε+ ‖ΛFA‖L2(X))‖α0‖2L4(X)
. (ε+ ‖ΛFA‖L2(X))‖α0‖2L2
1
(X) +
1
2ε
‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X)
. (ε+ ‖ΛFA‖L2(X))(1 + ‖θ‖2L∞(X))‖∇Aα0‖2L2(X)
+
1
2ε
‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X),
where we use the fact, See the second item of Theorem 1.3,
‖α0‖2L2(X) . ‖θ‖2L∞(X)‖∇Aα0‖2L2(X) = ‖θ‖2L∞(X)〈∇∗A∇Aα0, α0〉L2(X) (4.1)
and Sobolev embedding L21 →֒ L4. We can provide (ε + ‖ΛFA‖L2(X))(1 + ‖θ‖2L∞(X)) sufficiently
small to ensure that
〈∆Aα0, α0〉L2(X) . ‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X). (4.2)
Following the identity (ii) in Proposition 2.7, we also have
∂¯A∂¯
∗
Aα
0,2 =
√−1∂¯A∂¯Aα0.
On a direct calculation, we have
∆A = 2∆∂¯A +
√−1[Λ, F 1,1A ] +
√−1[Λ, F 0,2A ]−
√−1[Λ, F 2,0A ].
Noting that for any α0,2 ∈ Ω0,2(X,E),
√−1[Λ, F 1,1A ]α0,2 =
√−1[Λ, F 0,2A ]α0,2 = 0
and
〈Λ(F 2,0A ∧ α0,2), α0,2〉L2(X) = 〈F 2,0A (Λα0,2), α0,2〉L2(X) = 0.
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Hence we have
〈∆Aα0,2, α0,2〉L2(X) = 2〈∆∂¯Aα0,2, α0,2〉L2(X) = 2〈
√−1[F 0,2A (α0), α0,2〉L2(X). (4.3)
Next, we also observe that
|〈F 0,2A (α0), α0,2〉L2(X)| ≤ ‖F 0,2A ‖L2(X)‖α0,2‖L4(X)‖α0‖L4(X)
≤ ‖α0‖2L4(X) +
1
2
‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X)
. (‖∇Aα0‖2L2(X) + ‖α0‖2L2(X)) +
1
2
‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X)
. (1 + ‖θ‖2L∞(X))‖∇Aα0‖2L2(X) +
1
2
‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X).
This yields the desired estimation
〈∆Aα0,2, α0,2〉L2(X) . ‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X) + (1 + ‖θ‖2L∞(X))‖∇Aα0‖2L2(X)
. ‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X) + (1 + ‖θ‖2L∞(X))‖F 0,2A ‖2L2(X)‖α0,2‖2L4(X)
. ‖F 0,2A ‖2L2(X)(1 + ‖θ‖2L∞(X))‖α0,2‖2L2
1
(X).
Following Theorem 2.2 and Kato inequality |∇|α0,2|| ≤ |∇Aα0,2|, we have
‖α0,2‖L2(X) . ‖θ‖L∞(X)‖∇|α0,2|‖L2(X) . ‖θ‖L∞(X)‖∇Aα0,2‖L2(X). (4.4)
By combining these estimates for α0,2, we complete this proof.
Lemma 4.2. Assume the hypothesis of Lemma 4.1. We denote by S± the positive (resp. negative)
part of the scalar curvature S of metric g. Then there are constants ε = ε(X, θ) ∈ (0, 1] and C =
C(X, θ) ∈ [1,∞) with following significance. If the curvature FA of the connection dA and S−
satisfies
‖ΛFA‖L2(X) + ‖S−‖L2(X) ≤ ε
then for any α ∈ Ω2(2)(X,E), we have an inequality
‖∇Aα0,2‖2L2(X) ≤ C〈∆Aα0,2, α0,2〉L2(X). (4.5)
Proof. For any α0,2 ∈ Ω0,2(X,E), the Weizenbo¨ck formula gives, See [22],
∆∂¯Aα
0,2 = ∇∗A∇Aα0,2 + Sα0,2 + [
√−1ΛFA, α0,2],
where S is the scalar curvature of g. Next, we have
‖∇Aα0,2‖2L2(X) ≤ 〈∆∂¯Aα0,2, α0,2〉L2(X) + |〈[
√−1ΛFA, α0,2], α0,2〉L2(X)| −
∫
X
(S+ + S−)|α0,2|2
. 〈∆∂¯Aα0,2, α0,2〉L2(X) + ‖ΛFA‖L2(X)‖α0,2‖2L4(X) −
∫
X
S−|α0,2|2
. 〈∆∂¯Aα0,2, α0,2〉L2(X) + (‖ΛFA‖L2(X) + ‖S−‖L2(X))‖α0,2‖2L21(X)
. 〈∆∂¯Aα0,2, α0,2〉L2(X) + (‖ΛFA‖L2(X) + ‖S−‖L2(X))(1 + ‖θ‖2L∞(X))‖∇Aα0,2‖2L2(X)
. 〈∆Aα0,2, α0,2〉L2(X) + (‖ΛFA‖L2(X) + ‖S−‖L2(X))(1 + ‖θ‖2L∞(X))‖∇Aα0,2‖2L2(X)
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here we use the inequality (4.4) and identity (4.3). Hence we can provide (‖ΛFA‖L2(X)+ ‖S−‖L2(X))
sufficiently small to ensure inequality (4.5).
Proof of Theorem 1.6. For any α ∈ H2(2)(X,E), we can decompose the 2-form α as α = α0,2 +
α2,0 + α0 ⊗ ω + α1,10 . If the scalar curvature S is nonnegative and the curvature FA obeys
‖F+A ‖L2(X) ≤ ε,
where ε is a positive constant less than the constants on Lemma 4.1 and 4.2. Therefore, combining
the inequalities on Lemma 4.1 and 4.2, we have the desired estimation
〈∆Aα0,2, α0,2〉L2(X) . ‖F 0,2A ‖2L2(X)(1 + ‖θ‖2L∞(X))2‖∇Aα0,2‖2L2(X)
. ‖F 0,2A ‖2L2(X)(1 + ‖θ‖2L∞(X))2〈∆Aα0,2, α0,2〉L2(X).
Since ‖F 0,2A ‖2L2(X) ≤ ‖F+A ‖L2(X), we can provide ε sufficiently small to ensure α0,2 is L2-harmonic
form. Then, by the Equation (4.5), we get∇Aα0,2 ≡ 0. The Kato inequality implies that∇|α0,2| = 0.
Therefore, the Gromov’s vanishing theorem 2.2 implies that |α0,2| = 0, i.e, α0,2 = 0. At last, by the
Equation (4.2), α0 also vanishes. Therefore, any L
2-harmonic form on E is anti-self-dual.
Proof of Corollary 1.7. Suppose now that the Hermitian vector E of rank r, is equipped with a Her-
mitian connection dA. There are unique Hermitian connections dA∗ on E
∗ and dEndE := dA⊗A∗ on
EndE = E ⊗ E∗ induced by connection dA. We then have FA⊗A∗ = FA ⊗ IdE∗ + IdE ⊗ FA∗
and FA∗ = −F †A, where † is the transposition operator EndE → EndE∗ [5, Charp V, Section 4].
Therefore,
|FA⊗A∗| ≤ |FA ⊗ IdE∗|+ |IdE ⊗ FA∗| = 2
√
r|FA|.
We can choose the Ln-norm of the curvature FA small enough to ensure
‖FA⊗A∗‖Ln(X) ≤ ε,
where ε is the constant on Theorem 1.3 and 1.6. Therefore, H2(2)(X,EndE) = 0, for n ≥ 3 and the
L2-harmonic form on EndE is anti-self-dual, for n = 2. Suppose also that the connection A is a
Yang-Mills connection with L2-norm curvature. Noting that FA is a harmonic 2-form on the bundle
gE ⊂ EndE. Hence FA = 0 for n ≥ 3 and F+A = 0 for n = 2. We complete the proof of this
result.
Acknowledgements
We would like to thank Gromov for kind comments regarding his article [18]. We would also like to
thank the anonymous referee for careful reading of my manuscript and helpful comments. In particu-
lar, the referees pointed out that we can study the nonvanishing theorem in the small enough L∞-norm
case. This work is supported by Nature Science Foundation of China No. 11801539.
30 Teng Huang
References
[1] M. Anderson, L2-harmonic forms on complete Riemannian manifolds. Springer Lect. Notes in Math. 1339, (1989)
1–19.
[2] M. Atiyah, Elliptic operators, discrete group and Von Neumann algebras. Aste´risque, 32–33, (1976) 43–72.
[3] J. G. Cao, F. Xavier., Ka¨hler parabolicity and the Euler number of compact manifolds of non-positive sectional
curvature.Math. Ann. 319, (2001) 483–491.
[4] B. Y. Chen, Infinite Dimensionality of the Middle L2-cohomology on Non-compact Ka¨hler Hyperbolic Manifolds.
Publ. RIMS, Kyoto Univ. 42, (2006) 683–689.
[5] J. P. Demailly, Complex analytic and differential geometry. Grenoble: Universit de Grenoble I. (1997)
[6] J. Dodziuk, L2 harmonic forms on complete manifolds. In: Yau, S. T. (ed.) Seminar on Differential Geometry,
Princeton University Press, Princeton. Ann. Math Studies, 102, (1982) 291–302.
[7] J. Dodziuk,M. Min-Oo, An L2-isolation theorem for Yang-Mills fields over complete manifolds.Compositio Math.
47, (1982) 165–169.
[8] S. K. Donaldson, Anti-self-dual Yang-Mills connections over complex algebraic surfaces and stable vector bundles.
Proc. London Math. Soc. 50(1), (1985) 1–26.
[9] S. K. Donaldson, P. B. Kronheimer, The geometry of four-manifolds,Oxford University Press, 1990.
[10] J. F. Escobar, A. Freire, M. Min-Oo, L2 Vanishing Theorems in Positive Curvature. Indi. Univ. Math. J. 42(4),
(1993) 1545–1554.
[11] G. Etesi, The topology of asymptotically locally flat gravitational instantons. Phys. Lett. B 641(6), (2006) 461–465.
[12] G. Etesi, On the energy spectrum of Yang-Mills instantons over asymptotically locally flat spaces. Comm. Math.
Phys. 322(1), (2013) 1–17.
[13] G. Etesi, J. Marcos, Moduli spaces of self-dual connections over asymptotically locally flat gravitational instantons.
Comm. Math. Phys. 280(2), (2008) 285–313.
[14] D. S. Freed, K. K. Uhlenbeck, Instantons and four-manifolds. Springer Science and Business Media, (2012).
[15] M. P. Gaffney, A Special Stokes’s Theorem for Complete Riemannian Manifolds. Ann. Math. 60(1), (1954) 140–
145.
[16] G. Gerhardt, An energy gap for Yang-Mills connections. Comm. Math. Phys. 298, (2010) 515–522.
[17] P. A. Griffiths, Hermitian differential geometry. Chern classes and positive vector bundles, Global Analysis, papers
in honor of K. Kodaira. Princeton Univ. Press, Princeton. (1969) 181251.
[18] M. Gromov, Ka¨hler hyperbolicity and L2-Hodge theory. J. Differential Geom. 33, (1991) 263–292.
[19] N. J. Hitchin, L2 cohomology of hyper-Ka¨hler quotients. Comm. Math. Phys. 211, (2000) 153–165.
[20] T. Huang, An L2-isolation theorem for Yang-Mills fields on Ka¨hler surfaces. J. Geom. Phys. 112, (2017) 263–270.
[21] D. Huybrechts, Complex geometry: an introduction. Springer Science and Business Media. (2006)
[22] M. Itoh, Yang-Mills connection over a complex surface and harmonic curvature. Compositio Math. 62, (1987)
95–106.
[23] J. Jost, K. Zuo, Vanishing theorems for L2-cohomology on infinite coverings of compact Ka¨hler manifolds and
applications in algebraic geometry. Comm. Anal. Geom. 8, (2000) 1–30.
[24] K. Kodaira, On cohomology groups of compact analytic varieties with coefficients in some analytic faisceaux. Proc.
Nat. Acad. Sci. U.S.A. 39, (1953) 868872.
[25] K. Kodaira, On a differential geometric method in the theory of analytic stacks, Proc. Nat. Acad. Sci. U.S.A. 39,
(1953) 12681273.
L2 vanishing theorem on some Ka¨hler manifolds 31
[26] K. Kodaira, On Ka´hler varieties of restricted type. Ann. of Math. 60, (1954) 2848.
[27] M. Min-Oo, An L2-isolation theorem for Yang-Mills fields. Compositio Math. 47, (1982) 153–163.
[28] J. D. McNeal, L2 harmonic forms on some complete Ka¨hler manifolds.Math. Ann. 323(2), (2002) 319–349.
[29] J. D. McNeal, A vanishing theorem for L2 cohomology on complete manifolds. Sixth International Conference on
Several Complex Variables. J. Korean Math. Soc. 40(4), (2003) 747–756.
[30] S. Nakano, On complex analytic vector bundles. J. Math. Soc. Japan 7, (1955) 112.
[31] S. Nakano, Vanishing theorems for weakly 1-complete manifolds, Number Theory. Algebraic Geometry and Com-
mutative Algebra, in honor of Y. Akizuki, Kinokuniya, Tokyo (1973) 169179.
[32] P. Pansu, Introduction to L2 Betti numbers. Riemannian geometry (Waterloo, ON, 1993) 4, (1993) 53–86.
[33] L. M. Sadun, R. J. Segert, Non-self-dual Yang-Mills connections with nonzero Chern number. Bulletin of the AMS.
24(1), (1991) 163–170.
[34] G. Segal, A. Selby, The cohomology of the space of magnetic monopoles.Comm. Math. Phys. 177, (1996) 775–787.
[35] C. L. Shen, The gap phenomena of Yang-Mills fields over the complete manifold.Math. Z. 180, (1982) 69–77.
[36] L. M. Sibner, R. J. Sibner, K. Uhlenbeck, Solutions to Yang-Mills equations that are not self-dual. Proc. Nat. Acad.
Sci. 86(22), (1989) 8610–8613.
[37] Y. J. Suh, On the anti-self-dual of the Yang-Mills connection over higher dimensional Ka¨hler manifold. Tsukuba J.
Math. 14(2), (1990) 505–512.
[38] K. K. Uhlenbeck, The Chern classes of Sobolev connections. Comm. Maht. Phys. 101, (1985) 445–457.
[39] K. Uhlenbeck, S. T. Yau, On the existence of Hermitian-Yang-Mills connections in stable vector bundles. Comm.
Pure and Appl. Math. 39(S1), (1986) S257–S293.
[40] R. Wells, Differential Analysis on ComplexManifolds, (Third ed.) Graduate Texts in Math. 65, Springer, NewYork,
Berlin, (2008)
[41] Y. L. Xin, Remarks on gap phenomena for Yang-Mills fields. Sci. Sinica Ser. A 27, (1984) 936–942.
